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Abstract:
We consider two applications of the factorization of infrared dynamics in QED and
gravity. The first is a redefinition of the Lorentz transformations that makes them commute
with supertranslations. The other is the process of particle creation near a black hole
horizon. For the latter we show that the emission of soft particles factors out of the S-
matrix in the fixed-background approximation and to leading order in the soft limit. The
factorization is implemented by dressing the incoming and outgoing asymptotic states with
clouds of soft photons and soft gravitons. We find that while the soft photon cloud has no
effect, the soft graviton cloud induces a phase shift in the Bogolyubov coefficients relating
the incoming and outgoing modes. However, the flux of outgoing particles, given by the
absolute value of the Bogolyubov coefficient, is insensitive to this phase.
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1 Introduction
Exclusive S-matrix elements in electrodynamics and gravity vanish because of the cele-
brated infrared “catastrophe.” One solution to the problem is to consider as physical only
infrared-safe, inclusive cross sections [1–3]; the other is to “dress” asymptotic states by
defining an intertwiner to a new Hilbert space, that maps Fock space states to non-Fock
space ones. Physically, this means to multiply a state containing a finite number of particles
with an operator that creates a coherent state with an infinite average number of soft pho-
tons/gravitons. The S-matrix between the dressed states has been argued to be free from
(leading, soft) infrared divergences [4–9]. Much more recently, infrared degrees of freedom
have been argued to be essential for a complete description of electrodynamics and gravity
(see [10] and references therein). It has been further argued to be a resource, rather than a
problem, that can produce entanglement between (visible) hard particles, such as Hawking
particles emitted by an evaporating black hole, and unobserved soft quanta [11–13].
This possibility is to be contrasted with the results of [14–16], who argue that dressed
states and their associated dressed operators remove in a universal and operationally simple
way the entanglement of hard particles with soft quanta. Black holes and soft quanta have
been studied in, among others, refs. [17–20].
This paper will not delve into the deeper question of whether entanglement with soft
particles can either solve or at least alleviate the black hole information problem. It will
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instead show how to use the infrared factorization of dynamics induced by the infrared
dressing to simplify the dynamics of the radiative degrees of freedom. In particular, we
will show that when the infrared dressing is applied to operators instead of states, the
resulting canonical transformation achieves two noteworthy effects.
The first is that one can define “dressed” deformed Lorentz transformations that com-
mute with both the supertranslations charges and the boundary gravitons. The latter are
canonically conjugate to supertranslation charges. After constructing these transforma-
tions and showing that their definition is consistent, we will briefly discuss the additional
steps necessary to use this result to define new Lorentz transformations acting on Hilbert-
space states, that are isomorphic to the standard Lorentz transformations, are symmetries
of the radiative degrees of freedom, and act trivially on all vacua related by supertrans-
lations. If the charges associated to such transformations do exist, they could replace the
standard ones. Because all vacua related by supertranslations would be annihilated by the
new charges, the latter would define unambiguously the angular momentum of any state.
The standard charges instead give different outcomes even when evaluated on states that
differ only by the state of the soft quanta. We will define the new Lorentz charges in
Section 2.
Section 3 takes a detour and extend the construction of the dressing operator given
in ref. [21, 22] to the case when the total hard charge of an asymptotic state is nonzero.
Section 3 establishes a bridge between the language of [4–9, 21, 22] and that of [15].
Section 4 applies the formalism developed in this paper, that is the construction of
dressed operators defined by the canonical transformation generated by the dressing opera-
tor, to the computation of Hawking’s radiation in the limit G→ 0, 2GM = RS = constant.
The fixed Schwarzschild radius RS and the vanishing Newton’s constant G eliminate back
reaction effects –and also guarantee that our calculation will not resolve one way or another
the diatribe on entanglement of Hawking quanta with soft quanta. On a positive note, this
approximation will allow us to take into account exactly the entanglement of the Hawk-
ing radiation with zero-energy quanta. We find that entanglement with photons is trivial,
while entanglement with soft gravitons induces a phase shift in the Bogolyubov coefficients
relating the incoming and outgoing modes. However, the flux of outgoing particles, given
by the absolute value of the Bogolyubov coefficient, turns out to be insensitive to this
phase. Local asymptotic observables defined at future null infinity are also insensitive to
the phase. We therefore conclude that the entanglement between soft and hard states due
to infrared dynamics does not affect Hawking’s radiation, when back-reaction is negligible.
1.1 Dressing as a canonical transformation
Here we use the results of [15] to define a quantum canonical transformations of the operator
algebra that maps the standard asymptotic local fields into “dressed” fields that commute
with the soft charges. We will be general and rather brief, deferring some explicit formulas
to the next sections and referring to [15] for definitions not given in this paper. We will
work in flat or asymptotically flat spacetimes; for such spaces the metric near future null
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infinity I+, is, in an appropriate gauge
ds2 = −du2 − 2dudr + r2γABdΘAdΘB + rCABdΘAdΘB + ... (1.1)
The coordinates of I+ are two angles, ΘA and the retarded time u. The “Bondi news”
tensor is NAB = ∂uCAB; it is of course zero for Minkowski space. The metric near past
null infinity, I− is defined in terms of angles θA, radius r and advanced time v:
ds2 = −dv2 − 2dvdr + r2γABdθAdθB + rC−ABdθAdθB + .... (1.2)
The past Bondi news is N−AB = ∂vC
−
AB. Both large gauge transformations (LGT) [23, 24]
and BMS transformations [25, 26] are generated by charges that can be defined, in the
absence of massive matter, either at I+ or at I−. The superscript ± will distinguish
between the two sets of charges. The charges are functions of the two angles parametrizing
the “celestial sphere,” i.e. the S2 in I± = R×S2. A convenient decomposition of the charges
is given in terms of spherical harmonics, labelled as usual by the angular momentum l and
magnetic quantum number m. So we end up with two sets of charges, Q±lm. The equation
expressing conservation of the total charges is very simple: once the angles ΘA and θA are
identified antipodally (see e.g. [10]) then the conservation equation is
Q+lm = Ω
−1Q−lmΩ = Q
−
lm. (1.3)
Here Ω is the Heisenberg time evolution operator from I− to I+. This equation says that
Q±lm commute with the evolution operator. The charges Q
±
lm are the sum of two pieces
Q±lm = Q
±
h lm +Q
±
s lm. (1.4)
Let us discuss only the + charges, as the − are completely analogous. The “hard” charges
Q+h lm are defined only in terms of nonzero-frequency, a.k.a. radiative degrees of freedom.
For LGT these are the U(1) field-strength components FuA, plus eventual matter degrees
of freedom. For BMS, the radiative degrees of freedom in the Bondi gauge are the Bondi
news NAB plus eventual matter degrees of freedom. The soft charges Q
+
s lm commute with
all the radiative degrees of freedom. The LGT soft charges are nonzero for l > 0 while the
BMS soft charges are nonzero for l > 1. In order to be dynamical, the soft charges need
conjugate variables with nonzero commutators –otherwise they would be constants in each
irreducible representation of the algebra of fields carrying radiative degrees of freedom. The
conjugate variables to the soft charges Q+s lm are defined at I+− , while those conjugate to
Q−s lm are defined at I−+ . In the case of LGT they are sometimes called “boundary photons”
while in the BMS case they are called “boundary gravitons.” In the rest of the Introduction
we will call them Φ± lm in both cases. Ref. [15] shows that for both LGT and BMS there
exist a formally unitary transformation U± that maps the soft charge into the total charge
while it leaves the conjugate variable invariant
U±Q±s lmU
−1
± = Q
±
lm, U±Φ± lmU
−1
± = Φ± lm. (1.5)
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The same operators U± defines canonical transformations that act on all observables
of the theory. In the LGT case, radiative variables of charge q transform to “dressed
variables” as
χ(u,Θ) → χˆ(u,Θ) = U+χ(u,Θ)U−1+ = eiqΦ+(u,Θ)χ(u,Θ)
χ(v, θ) → χˆ(v, θ) = U−χ(v, θ)U−1− = eiqΦ−(v,θ)χ(v, θ), (1.6)
so the photon radiative modes are unaffected. In the BMS case the transformation acts on
all radiative degrees of freedom, including the Bondi news, as a translation (see [15] and
Section 4). Denoting all these degrees of freedom collectively as φ we have
φ+(u,Θ) → φˆ+(u,Θ) = U+φ+(u,Θ)U−1+ = φ+(u− Φ+(Θ),Θ)
φ−(v, θ) → φˆ−(v, θ) = U−φ−(v, θ)U−1− = φ−(v − Φ−(θ), θ). (1.7)
The key property of the dressed (hatted) variables is that they commute with the total
charges and with the conjugate variables.
[φˆ±, Q±lm] = [U±φ
±U−1± , U±Q
±
s lmU
−1
± ] = U±
[
φ±, Q±s lm
]
U−1± = 0,
[φˆ±,Φ± lm] = [U±φ±U−1± , U±Φ± lmU
−1
± ] = U±[φ
±,Φ± lm]U−1± = 0. (1.8)
Besides the conservation law (1.3), there exist also matching conditions for the boundary
gravitons (and photons) [27]
Φ+ lm = Ω
−1Φ− lmΩ = Φ− lm. (1.9)
The matching condition (1.9) is imposed at I+− and I−+ . In a geometry resulting from
the collapse of matter with finite total energy causality guarantees that this asymptotic
region is unaffected by the future evolution and ultimate fate of spacetimes. So it must
hold for spacetimes that obey the Strong Asymptotic Flatness condition of Christodoulou
and Klainermann [28] –even if they do not obey the global smallness assumption [28] so
that they may contain black hole horizons. The charges Q±lm were defined recently at
spacelike infinity, where conservation is essentially ensured by definition [29–31]; it is plau-
sible that soft gravitons and photons could be likewise defined at spacelike infinity, where
the matching condition (1.9) would be automatic. Moreover, (1.9) is the only condition
that leaves Φ± lm invariant under CPT. Had we chosen different matching conditions, CPT
transformations will map different super-selection sectors into each other and won’t leave
them invariant. Finally, the matching condition (1.9) is the limit of the conservation of
finitely-soft memories [16], which is understood as the trivial propagation of soft degrees
of freedom across spacetime to the antipodal angle.
Since the variables Φ±, lm, Q±lm have canonical commutation relations among them-
selves and commute with all the dressed variables, they can be represented canonically as
Q±lm, i∂/∂Q
±
lm. Because of eqs. (1.3,1.9), the Heisenberg evolution operator then commutes
with both Q±lm and their derivatives, so it depends only on the hatted radiative variables
and is instead independent of the soft one. We conclude that the hatted radiative variables
evolve independently of the soft variables as
φˆ+ = Ω−1(φˆ−)φˆ−Ω(φˆ−) = F [φˆ−]. (1.10)
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We should point out here that this derivation can be generalized to the case when in- and
out- operators do not evolve unitarily but are still related by a linear map. This is the
case that applies to fields that scatter to I+ in a collapsing black hole geometry. They are
related to incoming fields defined on I+ by a linear map that becomes invertible (and is in
fact derived from a unitary evolution operator) only when the modes that cross the horizon
of the black hole are taken into account. Yet, the linear map does not need the latter to be
defined. This feature, that was prominently used in the original 1975 calculation of black
hole radiation by Hawking [32, 33], will be used also in Section 4.
2 Dressed Symmetry Group
2.1 Spacetime and its symmetries
From now on we will work in the retarded coordinates (u, r, z, z¯). The metric of the flat
spacetime in this coordinate is
ds2 = −du2 − 2dudr + 2r2γzz¯dzdz¯. (2.1)
In the above equation γzz¯ =
2
(1+zz¯)2
is the round metric on the unit sphere and z =
tan( θ2)e
iφ is the coordinate defining the stereographic projection from the sphere to the
complex plane. The metric (2.1) has ten Killing vectors, which we will use to find the
representation of Poincare´ generators on the phase space of the theory. We will consider
first a U(1) gauge theory and its associated LGT. Essentially, Poincare´ transformation
are induced by different components of the energy-momentum tensor. More precisely, the
conserved charge
Qξ =
∫
I+
JνdΣν =
∫
I+
ξµT νµ dΣν = limr→∞
∫
r
ξµT rµ r
2γzz¯dzdz¯du, (2.2)
induces transformation along the Killing vector ξ, when we use following equation
δξΦ = −i[Qξ,Φ]. (2.3)
2.2 Gauge fixing and Lorentz transformations
We work in radial gauge
Ar = 0 , Au|I+ = 0. (2.4)
A Lorentz transformation generically spoils the gauge condition; therefore, we will need a
further gauge transformation to preserve the gauge condition (this can be thought of as a
definition of the Lorentz generators). It can be shown that the extra gauge transformation
only changes the leading order term of Au when expanded in powers of r
−1. It is convenient
to write the explicit form of the leading order term of the gauge field near future null infinity
in the following manner:
A =
Au(u, z, z¯)
r
du+Az(u, z, z¯)dz +Az¯(u, z, z¯)dz¯. (2.5)
The E.O.M gives the following constraint on the gauge field
Au = γ
zz¯(∂zAz¯ + ∂z¯Az) + g(z, z¯),
where g(z, z¯) is independent of u but otherwise arbitrary function.
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2.3 Phase space construction and its symmetries
The phase space of a U(1) gauge theory plus massless particles near the asymptotic null
infinities of an asymptotically flat spacetime is described by the set {Fuz, Fuz¯,Φ+,Ψ+},
which consists of radiative degrees of freedom and soft degrees of freedom. Note that
this phase space is defined on I+; its canonical coordinates are functions of u and of the
coordinates on the celestial sphere Fuz = Fuz(u, z, z¯),Φ+ = Φ+(z, z¯).
2.3.1 Lorentz transformation
Next we find the representation of Lorentz generators acting on the phase space variables
(Fuz, Fuz¯). Their gauge potentials satisfy the following commutation relation
{Az(u, z, z¯), Az¯(u′, z′, z¯′)} = − ie
2
4
Θ(u− u′)δ(z − z′)δ(z¯ − z¯′). (2.6)
However, as we mentioned in the introduction, the pair (Fuz, Fuz¯) is not enough to describe
the complete phase space, because we need two more fields Ψ+(z, z¯) and Φ+(z, z¯) defined
at I++ and I+− , respectively. The commutation relation for these new fields can be obtained
from a “continuity” condition on the commutators of the gauge potentials (Az, Az¯). It is
simpler to introduce variables (Ψ˜+, Φ˜+), related to (Ψ+,Φ+) by a canonical transformation.
Φ˜+(z, z¯) ≡ Ψ+(z, z¯) + Φ+(z, z¯)
2
, (2.7)
Ψ˜+(z, z¯) ≡ Ψ+(z, z¯)− Φ+(z, z¯). (2.8)
in terms of these fields, the commutation relations take the form
[Ψ˜+(z, z¯), Az(u,w, w¯)] =
ie2
4pi
1
z − w, (2.9)
[Ψ˜+(z, z¯), Az¯(u,w, w¯)] =
ie2
4pi
1
z¯ − w¯ , (2.10)
[Φ˜+(z, z¯), Ψ˜+(w, w¯)] = − ie
2
4pi
log |z − w|2, (2.11)
[Φ˜+(z, z¯), Az(u,w, w¯)] = [Φ˜+(z, z¯), Az¯(u,w, w¯)] = 0. (2.12)
Equation (2.11) shows that Φ˜+ and Ψ˜+ are conjugate variables. On the other hand, the
soft charge is also conjugate to Φ˜+ (see e.g. [15]), so Ψ˜+ and the soft charge cannot be
independent variables. The soft charge is related to the boundary field Ψ˜+ by following
equation,
Q+s [δ
2(z − w))] = − 2
e2
∂w¯∂wΨ˜+(w, w¯). (2.13)
An explicit form of the charge (2.2) can be written for this theory as
Qξ =
1
e2
lim
r→∞
∫
r
ξµr2Tµuγzz¯dzdz¯du
= − 1
e2
∫
I+
[Au(Fuzξ
z + Fuz¯ξ
z¯) + γzz¯(2FuzFuz¯ξ
u + Fzz¯(Fuzξ
z − Fuz¯ξz¯))]γzz¯dzdz¯du.
(2.14)
– 6 –
The commutation relations of the conserved charge with the radiative and soft degrees of
freedom are then given by
[Qξ, Fuz(u
′, w, w¯)] = iLξFuz, (2.15)
[Qξ, Fuz¯(u
′, w, w¯)] = iLξFuz¯, (2.16)
[Qξ, Φ˜
+] = 0 6= iLξΦ˜+, (2.17)
[Qξ, Ψ˜
+] = iLξΨ˜+. (2.18)
This shows that the boundary field Φ˜+ does not belong to a standard representation of
Lorentz group, while Ψ˜+ is in the scalar representation. This means that the states of the
U(1) theory do not transform covariantly under Lorentz transformations –yet we can still
have Lorentz invariant scattering amplitudes. In fact it has been known for a long time
that there exists no Lorentz-covariant Hilbert space of charged physical states for gauge
theories. Our motivation, however, is not to solve this problem. What we want instead
is to find a transformation that acts only on hard dressed variables and that commutes
with their evolution operator. The factorization property of the S-matrix1 –or equivalently
the discussion in the Introduction– implies the existence of an evolution operator that acts
only on hard variables and leave soft variables untouched. We would like to have the same
property for symmetry transformations, this is why we look for a symmetry transformation
that acts nontrivially only on the hard states.
More precisely, we want to change the standard definition of the Lorentz transformation
in two ways. First of all, we want to “dress” the Lorentz transformation with the operators
U± defined in the Introduction. In other words, we want to perform the quantum canonical
transformation
Qξ → Qˆ±ξ = U±QξU−1± . (2.19)
This transformation acts on the hatted, dressed operators exactly as the original Lorentz
does on the undressed ones. In the rest of the section we will work with dressed operators
only, so can drop the hat from all fields to avoid notational clutter. The second change to
the Lorentz transformation is the crucial one: we change its action on the soft variables,
while leaving its action on the radiative variables unchanged. The Lorentz transformation
is finally defined by the following commutators
[Q˜ξ, Fuz(u
′, w, w¯)] = iLξFuz, (2.20)
[Q˜ξ, Fuz¯(u
′, w, w¯)] = iLξFuz¯, (2.21)
[Q˜ξ, Φ˜
+] = 0, (2.22)
[Q˜+ξ, Ψ˜
+] = 0. (2.23)
Evidently, this symmetry is not the usual one since it acts like Lorentz only on the hard
variables. The definition given above has to pass a crucial test of consistency: it must
satisfy the Jacobi identities. Thanks to the fact that the new Lorentz transformation is the
same as the standard one on radiative variables, it is easy to check that the Jacobi identities
1See e.g. ref [14, 15] for an approach close to the needs of this paper.
– 7 –
are indeed satisfied. The action of the symmetry on operators, given by eqs. (2.20), plus its
action on the vacuum (which we can choose to be trivial) then formally define an operator
acting on a Hilbert space. The Lorentz transformations defined here are automorphisms
of the operator algebra. To show that they are in fact generated by commutators of
Hermitian operators, several other properties would have to be proven. The first is that
the transformation maps a vector obtained by applying a polynomial function of dressed
operators to one of the vacua –i.e. a state containing only soft photons– into a state
belonging to the same Hilbert space. The second is that such property holds for a dense
set of states in the Hilbert space. These two properties define a linear operator in the
Hilbert space, that can be identified with the Lorentz charge only after a third property is
proven; namely, that the domain of the operator and the domain of its adjoint coincide. In
spite of these pitfalls, the definition given here provides a sketch of the construction of a
factorized “dressed Lorentz,” that can be thought of as a counterpart to the factorization
of the S-matrix.
A similar construction can be done for gravity and BMS. Here we look for Lorentz
transformations that leave the soft variables untouched and only change the hard degrees
of freedom –which in this case are the Bondi news tensors. By denoting here with C the
boundary graviton the transformation laws that we look for are
[Q˜ξ, Nzz] = iLξNzz,
[Q˜ξ, Nz¯z¯] = iLξNz¯z¯,
[Q˜ξ, C] = 0,
[Q˜ξ, Qf ] = 0. (2.24)
Here the generators of supertranslation are denoted by Qf . As before, these are transfor-
mations on dressed fields, where hats have been dropped.
The “dressed Lorentz” defined in (2.24) commutes with supertranslations, so it is an
ideal subalgebra of BMS. We have to check again the Jacobi identity. It is easy to see that
the only nontrivial equation to check is
[Qf , [Q˜ξ, C]] + [C, [Qf , Q˜ξ]] + [Q˜ξ, [C,Qf ]] = 0. (2.25)
Since Qf and C commute to a c-number, eq. (2.25) does satisfy the Jacobi identity.
The undressed Lorentz transformations Qξ do not commute with supertranslations;
this is true for boosts as well as rotations. Even on a state that contains no hard degrees
of freedom supertranslations change the state of the soft hair. The non-commutativity of
undressed rotations with supertranslations then means that angular momentum depends
on soft degrees of freedom and cannot be computed unambiguously from the knowledge
of the state of hard degrees of freedom alone. The ambiguity in the definition of the
angular momentum is an old problem classical general relativity [34]. If our definition
of dressed Lorentz transformations can be promoted to a well-defined Hermitian operator
acting on a Hilbert space, it will offer an interesting new definition of angular momentum
free of ambiguities. Whether this new definition is operationally useful depends on an
additional property that we did not and will not address in this paper; namely whether it
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can be expressed as an asymptotic boundary integral of local fields. This property, which
is true for standard definitions of energy, momentum and angular momentum, allows the
computation of such quantities from local data evaluated in an asymptotic, weak gravity
region.
3 Asymptotic States
Asymptotic states for Abelian gauge theories were studied in [4–9], and more recently
in [35–37] for perturbative quantum gravity. In this section we derive covariant expressions
for the dressing functions of the asymptotic states in terms of the fields at null infinity.
We will concentrate on incoming asymptotic states at past null infinity, but to linear order
in the fluctuations around a fixed background a similar analysis applies also to future null
infinity, as well as to any other null surface. We generalize results known in the literature
to the case where the total charge (gauge or supertranslations) is nonzero. We define the
dressing function Rf (p) on one-particle states as
|~p〉Asymptotic = eRf (p) |~p〉 . (3.1)
3.1 Abelian gauge theory
We start with the case of Abelian gauge theory. The dressing function in this case is given
by
Rf (p) = − e
(2pi)3
∫
d3q
2ωq
(
fµa†µ(~q)− f∗µaµ(~q)
)
, (3.2)
where the function fµ is given by
fµ =
[
pµ
p · q −
cµ(qˆ)
ωq
]
ψ(p, q), qµ = ωq qˆ
µ (3.3)
and cµ satisfies c · qˆ = 1 and c2 = 0. Notice that up to a conventional overall scale factor,
the function cµ = cµ(qˆ) depends only on the celestial sphere’s coordinates. An example of
cµ that satisfies the aforementioned condition is
cµ =
1
2(1 + ww¯)
(1 + ww¯,−w − w¯, i(w − w¯),−1 + ww¯) . (3.4)
While we will keep a generic cµ in our formulas, this specific choice simplifes eqs. (3.16),
(3.19) and particularly eq. (3.22). ψ(p, q) is a regulating smooth function that obeys
ψ(p, q)→ 1 as q → 0.
Next we write the dressing function in terms of the asymptotic gauge field at null infin-
ity. We use the following decomposition of the gauge field in terms of Fourier components
Aµ(~x) =
∫
d3q
(2pi)3
1
2ωq
[
aµ(~k)e
ik·x + a†µ(~k)e
−ik·x
]
. (3.5)
The Fourier modes can be decomposed in terms of polarization modes
aµ(~q) = 
∗α
µ (~q)aα(~q), α = ±. (3.6)
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We will focus on the form of the gauge field at past null infinity, where it takes the form
Aw(v, w, w¯) = lim
r→∞Aw(v, r, w, w¯),
= − i
8pi2
√
2e
1 + ww¯
∫ ∞
0
dωq
[
a+(~q)e
−iωqv − a†−(~q)eiωqv
]
.
(3.7)
The analysis for future null infinity (or any other null surface) can be carried out in a
similar fashion, yielding similar results. The reverse relations are given by
a†+/−(~q) = −
4pii
e
√
γww¯
∫
dve−iωqvAw/w¯(v, w, w¯),
a−/+(~q) = +
4pii
e
√
γww¯
∫
dveiωqvAw/w¯(v, w, w¯).
(3.8)
Without loss of generality we write the regulating function in the following form
ψ(p, q) = e−ivcωq ; (3.9)
we can then write the cloud operator (3.2) as2
Rf (p) =
iQ0
2pi
∫
d2w
√
γww¯
(
pµ
p · qˆ − c
µ
)(
−µAw(vc, w, w¯) + 
+
µAw¯(vc, w, w¯)
)
. (3.10)
Here vc is parametrizing the regularization scheme.
Since the photon is a massless particle its four-momentum can be written as
qµ =
ωq
1 + ww¯
(1 + ww¯,w + w¯,−i(w − w¯), 1− ww¯) . (3.11)
For a massless external particle with energy ωp located at (z0, z¯0) on the celestial sphere
the four-momentum is similarly given by
pµ =
ωp
1 + z0z¯0
(1 + z0z¯0, z0 + z¯0,−i(z0 − z¯0), 1− z0z¯0) . (3.12)
The photon polarization vectors can be chosen to take the form
+µ(~q) =
1√
2
(w¯, 1,−i,−w¯) ,
−µ(~q) =
1√
2
(w, 1, i,−w) ,
(3.13)
such that they are orthogonal to qµ
qµ
±µ(~q) = 0, µα
∗
βµ = δαβ. (3.14)
Using this parametrization one can evaluate
√
γww¯
p · −
p · q =
1
w¯ − z¯0 ,
√
γww¯
p · +
p · q =
1
w − z0 .
(3.15)
2In terms of the advanced system of coordinates, the volume form is given by d3q = ω2qγww¯dωqd
2w.
We use that 1
2pi
∫
dve−ivω = δ(v). Note that since the ω-integration is over half the real plane we have∫∞
0
dωδ(ω)f(ω) = 1
2
f(0).
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The expression for the cloud operator is then given by
Rf (p) =
iQ0
2pi
∫
d2w
[(
1
w¯ − z¯0 −
√
γww¯c · −
)
Aw(vc, w, w¯)
+
(
1
w − z0 −
√
γww¯c · +
)
Aw¯(vc, w, w¯)
]
.
(3.16)
The Green’s function for the radiative modes is given by
G(z, w) = ln |z − w|2 (3.17)
and it obeys
∂z∂z¯G(z, w) = 2piδ
(2)(z − w),
∂zG(z, w) =
1
z − w,
∂z¯G(z, w) =
1
z¯ − w¯ .
(3.18)
The cloud operator can be expressed using the Green’s function as follows
Rf (p) =
iQ0
(2pi)2
∫
d2wγww¯d
2zγzz¯G(z, w)
[
2piγzz¯δ(2)(z − z0)D ·A(vc, w, w¯)
−∂ z¯ (√γzz¯(c · −)z) ∂wAw(vc, w, w¯)
−∂z (√γzz¯(c · +)z) ∂w¯Aw¯(vc, w, w¯)] , (3.19)
where D · A = DwAw + Dw¯Aw¯. In the above equation, the subscript on (c · ±)z means
that the expression inside the parentheses is evaluated at (z, z¯), while previously it was a
function of the position of the soft photons inside the cloud, (w, w¯). For brevity, we will
remove this subscript from now on, as the dependence on the coordinates is clear from the
derivative acting on it.
At this point we would like to discuss the regularization scheme parametrized by vc.
Note that in order to isolate the contribution of zero momentum photons in the cloud
we should consider vc = +∞ (see [15, 16]). In the absence of magnetic monopoles and
long-range magnetic fields
∂zAz¯(+∞, z, z¯) = ∂z¯Az(+∞, z, z¯) (3.20)
The dressing operator then takes the final simplified form
Rf (p) =
i
2pi
∫
dvd2wγww¯d
2zγzz¯ [jv(v, z, z¯)− j¯v(v, z, z¯)]G(z, w)D ·A(+∞, w, w¯), (3.21)
where
jv(v, z, z¯) = Q0δ(v − v0)γzz¯δ(2)(z − z0),
j¯v(v, z, z¯) =
Q0
2pi
δ(v − v0)γzz¯
[
∂z
(√
γzz¯c · −
)
+ ∂z¯
(√
γzz¯c · +
)]
.
(3.22)
Here jv(v, z, z¯) is the classical incoming gauge current and j¯v(v, z, z¯) is interpreted as the
LGT current, in accordance with ref. [21]. Eq. (3.22) holds for generic cµ; the particular
choice c · + = w¯√
2
,c · − = w√
2
and j¯v(v, z, z¯) =
Q0√
2pi
δ(v− v0) makes the current j¯v isotropic.
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3.2 Gravity
We now turn to studying the dressing operator in perturbative quantum gravity, following
refs. [36, 37]. It is given by
Rf (p) = κ
∫
d3q
(2pi)32ωq
[
fµν∗a†µν(~q)− fµνaµν(~q)
]
, κ2 = 32piG. (3.23)
The function fµν is given by
fµν =
[
pµpν
p · q −
cµν(~p, qˆ)
ωq
]
ψ(p, q). (3.24)
As in the gauge theory case, we have factorized the magnitude ωq from the function cµν ,
and ψ(p, q) → 1 as q → 0. For a detailed discussion about the function cµν and the
constraints it should obey we refer the reader to [36].
In a similar fashion to the previous subsection we would like to express the cloud
operator in a covariant form, using the asymptotic form of the fields. We decompose the
metric into Fourier components
hµν(~x) =
∫
d3q
(2pi)3
1
ωq
[
aµν(~q)e
iq·x + a†µν(~q)e
−iq·x
]
. (3.25)
Decomposing the Fourier components in terms of the polarization modes
aµν =
∑
r=±
∗rµνar, (3.26)
the radiative data at past null infinity can then be written as
C−zz(v, z, z¯) = κ limr→∞
1
r
hzz(r, v, z, z¯)
= − iκ
8pi2
γzz¯
∫ ∞
0
dωq
[
a+(~q)e
−iωqv − a−(~q)e+iωqv
]
.
(3.27)
We can invert the expression to express the Fourier coefficients in term of the asymptotic
fields
a+/−(~q) =
4pii
κγzz¯
∫
dve+iωqvC−z¯z¯/zz(v, z, z¯),
a†−/+(~q) = −
4pii
κγzz¯
∫
dve−iωqvC−z¯z¯/zz(v, z, z¯),
(3.28)
to write the cloud operator as
Rf (p) = − i
4pi
∫
d2wωq
[
(f · +)C−w¯w¯(vc, w, w¯) + (f · −)C−ww(vc, w, w¯)− h.c.
]
. (3.29)
Here f · ± ≡ fµν±µν , and we have used the regularizing function ψ(p, q) = e−ivcωq , as in
the Abelian gauge theory case.
The Green’s function for the radiative modes obeys the equation
D2zD
2
z¯G(z, w) = 2piγzz¯δ
(2)(z − w), (3.30)
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where D is the covariant derivative on the 2-sphere (see, for example, [38–40]). The equa-
tion above is solved by
G(z, w) = 2
|z − w|2
(1 + zz¯)(1 + ww¯)
log
|z − w|2
(1 + zz¯)(1 + ww¯)
. (3.31)
It will be convenient to define
s(z, w) = γww¯D2wG(z, w). (3.32)
Note that while G(z, w) is real and symmetric in its two arguments, s(z, w) is not. One
can show that s(z, w) obeys the following equations
D2z¯s(z, w) = 2piδ
(2)(z − w), (3.33)
D2w¯ [γww¯s(z, w))] = 2piγww¯δ
(2)(z − w). (3.34)
Note also that the action of two covariant derivatives on a scalar function is given by
D2z = ∂
2
z − Γzzz∂z = γzz¯∂zγzz¯∂z ≡ γzz¯∂z∂ z¯. (3.35)
Using the decomposition ±µν = ±µ ±ν we have
f · ± = (p · 
±)2
p · q −
1
ωq
c · ±, (3.36)
where c · ± ≡ cµν±µν . The first term in the expression above can be evaluated using the
explicit form of the polarization vectors (3.13)
(p · +)2
p · qˆ = −s(z0, w),
(p · −)2
p · qˆ = −s¯(z0, w).
(3.37)
We then have
Rf (p) =
i
2pi
∫
d2w
[
(s(z0, w) + c · +)C−w¯w¯(vc, w, w¯) + (s¯(z0, w) + c · −)C−ww(vc, w, w¯)
]
=
i
2pi
∫
d2wd2z
[
δ(2)(z − z0)
(
s(z, w)C−w¯w¯(vc, w, w¯) + s¯(z, w)C
−
ww(vc, w, w¯)
)
+ δ(2)(z − w)((c · +)zC−w¯w¯(vc, w, w¯) + (c · −)zC−ww(vc, w, w¯))],
(3.38)
where, again, the subscript on (c · ±)z is to indicate that now the expression in the paren-
thesis is evaluated at (z, z¯), instead of (w, w¯). We now use equation (3.33) to express the
delta function in the second line of the equation above in terms of the function s(z, w).
After integration by parts we arrive at
Rf (p) =
i
4pi2
∫
d2wd2z
(
s(z, w)
[
2piδ(2)(z − z0) + ∂z¯∂z(γzz¯c · +)
]
C−w¯w¯(vc, w, w¯)
+s¯(z, w)
[
2piδ(2)(z − z0) + ∂z∂ z¯(γzz¯c · −)
]
C−ww(vc, w, w¯)
)
,
(3.39)
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where we have omitted the subscript on (γzz¯c · ±) for brevity.
Finally, using eq. (3.32) to express the function s(z, w) in terms of the Green’s function
and integrating by parts we arrive at
Rf (p) =
i
(2pi)2
∫
d2wγww¯d
2zγzz¯ G(z, w)
[
2piγzz¯δ(2)(z − z0)D2 · C−(vc, w, w¯)
+ ∂z∂z(γzz¯c · +)Dw¯Dw¯C−w¯w¯(vc, w, w¯) + ∂ z¯∂ z¯(γzz¯c · −)DwDwC−ww(vc, w, w¯)
]
,
(3.40)
where D2 · C− ≡ DwDwC−ww +Dw¯Dw¯C−w¯w¯.
As in the gauge theory case, at this point we make the regularization choice vc = +∞
that isolates the contribution of zero momentum gravitons in the cloud. The boundary
condition [
D2z¯C
−
zz −D2zC−z¯z¯
]
I−+ = 0 (3.41)
then implies
Rf (p) =
i
2pi
∫
dvd2wγww¯d
2zγzz¯ G(z, w)
[
Tvv(v, z, z¯)− T¯vv(v, z, z¯)
]
D2 · C−(+∞, w, w¯),
(3.42)
where
Tvv(v, z, z¯) = δ(v − v0)γzz¯δ(2)(z − z0),
T¯vv(v, z, z¯) = − 1
2pi
δ(v − v0)γzz¯
[
∂z¯∂
z(γzz¯c · +) + ∂z∂ z¯(γzz¯c · −)
]
.
(3.43)
Tvv(v, z, z¯) is the classical stress energy tensor of the shockwave while T¯vv(v, z, z¯) is inter-
preted as the supertranslation current, in accordance with ref. [36].
4 Hawking Radiation of Dressed States
We now turn to study black hole horizons and the Hawking radiation. We start by analyzing
the selection rule for S-matrix elements between Fock states, in the presence of a black
hole horizon. Then we describe how the selection rule is modified once we consider dressed
asymptotic states instead of Fock states. At this point we would like to emphasize that
to linear order in the fluctuations around the background the asymptotic analysis of the
previous sections applies to any null surface and in particular to a black hole horizon. The
cloud operators, given by equations (3.21) and (3.42), will take the same form, with the
fields and charge densities evaluated at the horizon.
After discussing the selection rule we turn to a semi-classical analysis of the matter
fields. We finally revisit Hawking’s computation [32, 33] of particle creation near a black
hole horizon, using the formalism of dressed asymptotic fields that we developed in the
rest of the paper. In this section we work in the limit G → 0, RS = 2GM = constant,
so that we consistently neglect back reaction of matter and Hawking’s radiation on the
background.
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4.1 Horizon selection rule
Let us start by commenting on the selection rule for S-matrix elements in the presence of a
black hole horizon. To be concrete, we consider a collapsing geometry generated by a null
shockwave with initial energy M sent at advanced time v = 0. The collapsing thin shell of
matter will eventually form a Schwarzchild black hole of mass M . The resulting spacetime
geometry is described by the Vaidya metric
ds2 = −
(
1− 2MGθ(v)
r
)
dv2 + 2dvdr + 2r2γzz¯dzdz¯ (4.1)
where θ denotes the step function
θ(v) =
{
0, v < 0
1, v ≥ 0
. (4.2)
The horizon of the Vaidya metric is located at
rH(v) =

0, v < −4M
v
2 + 2M, −4M < v < 0
2M, v ≥ 0
(4.3)
and is therefore stretched from v = −4M to v =∞.
Incoming (outgoing) states are characterized by charges defined at past (future) null
infinity
QI
−
 =
1
e2
∫
I−+
d2wγww¯Frv,
QI
+
 =
1
e2
∫
I+−
d2wγww¯Fru.
(4.4)
Horizon states are similarly characterized by the charge
QH =
1
e2
∫
H++
d2wγww¯Frv. (4.5)
The conservation law of these charges implies
〈out|Q+ S − SQ− |in〉 = 0, (4.6)
where Q+ is the sum of the two charges
Q+ = Q
I+
 +Q
H
 . (4.7)
We can rewrite the charges as integrals over the boundary of spacetime by extending
the gauge parameter (z, z¯) along a null generator of the boundary [17]. A natural choice
that makes the connection with soft quanta explicit is to keep the gauge parameter constant
along a null generator of the (null) Cauchy surface. On I− this means that it does not
depend on the advanced null coordinate v. In a similar way, the gauge parameter on I+ is
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i0
I+
i+
H+
u
u
u
v
v
v
i−
I−
v
=
v
0
v
=
0
Figure 1: Penrose diagram of the Vaidya black hole formed by a collapsing shell of a null
shockwave at v = 0. Another null shockwave is sent at a later advanced time v = v0.
Spacelike infinity is denoted by i0 while i+/i− is the future/past timelike infinity.
taken to be independent of the retarded null coordinate u. In the presence of a black hole
horizon, however, the null Cauchy surface is not made of I+ alone, but rather of its union
with the horizon I+ ∪ H+. This surface is the limit of a spacelike Cauchy surface which,
by assumption, exhibits no singularity in the limit at i+. A radial generator of the Cauchy
surface then becomes a null generator of I+ ∪ H+ which starts as the null generator u of
I+, “turns at the corner” at i+, and continues as the null generator v of H+. The gauge
parameter is then extended by taking it to be constant along this generator, so it takes the
the same value at equal values of the angular coordinates on the horizon and at future null
infinity I+.
The soft parts of each of the charges are given by
N−z =
∫ ∞
−∞
dv F I
−
vz ,
N+z =
∫ ∞
−∞
duF I
+
uz ,
NH
+
z =
∫ ∞
−4M
dv (FH
+
vz +
1
2
θ(−v)FH+rz ).
(4.8)
If we choose (w, w¯) = 1z−w , the conservation law can be written as
〈out| (N+z +NH
+
z )S − SN−z |in〉 = Ωsoftz 〈out| S |in〉 , (4.9)
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where
Ωsoft = Ωsoft−z − Ωsoft+z − Ωsoft,H
+
z . (4.10)
The soft factors are expressed in terms of the asymptotic particles coming from I− or going
to I+ and H+
Ωsoft−z =
e2
4pi
∑
k∈in
Qk
z − zk ,
Ωsoft+z =
e2
4pi
∑
k∈out
Qk
z − zk ,
Ωsoft,H
+
z =
e2
4pi
∑
k∈horizon
Qk
z − zk .
(4.11)
Incoming, outgoing and horizon states are characterized by their eigenvalues under the
corresponding soft charges
N−z |N inz 〉 = N inz (z, z¯) |N inz 〉 ,
N+z |Noutz 〉 = Noutz (z, z¯) |Noutz 〉 ,
NH
+
z |NHz 〉 = NHz (z, z¯) |NHz 〉 .
(4.12)
The conservation law (4.9) then reduces to(
Noutz +N
H
z −N inz
) 〈out| S |in〉 = Ωsoftz 〈out| S |in〉 (4.13)
and it implies that either
Noutz +N
H
z −N inz = Ωsoftz , (4.14)
or the S-matrix element vanishes
〈out| S |in〉 = 0. (4.15)
Equation (4.14) cannot be satisfied in general and therefore we conclude that S-matrix
elements between Fock states vanish.
We now turn to consider dressed asymptotic states instead of Fock states. Using the
canonical commutation relation[
Aw(v, w, w¯), Fv′z¯(v
′, z, z¯)
]
=
ie2
2
δ(v − v′)δ(2)(w − z) (4.16)
we see that the dressing shifts the action of Fvz on states by
[Fvz(v, z, z¯), Rf (p)] = −e
2δ(v − vc)
4pi
∫
dv′d2z′γz′z¯′
jv′(v
′, z′, z¯′)− j¯v′(v′, z′, z¯′)
z′ − z
= −Q0e
2δ(v − vc)
4pi(z − z0) +
e2δ(v − vc)
4pi
∫
d2z′
j¯v′(z
′, z¯′)
z′ − z ,
(4.17)
where we used the expression (3.21) for the photons’ cloud operator. The delta function
in the above expression is centered around v = vc because we evaluate the cloud operator
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(3.21) at vc. The choice vc = +∞ isolates the contributions of the soft modes but the action
of the soft charge on incoming multi-particle state given by the vc-independent formula
N−z |N inz 〉dressed =
N inz −∑
j∈in
(
Qje
2
4pi(z − zj) −
e2
4pi
∫
d2z′
j¯
(j)
v′ (z
′, z¯′)
z′ − zj
) |N inz 〉dressed . (4.18)
Similarly, for outgoing and horizon multi-particle states we have, respectively
〈Noutz |dressedN+z = 〈Noutz |dressed
[
Noutz −
∑
i∈out
(
Qie
2
4pi(z − zi) −
e2
4pi
∫
d2z′
j¯
(i)
v′ (z
′, z¯′)
z′ − zi
)]
,
〈Noutz |dressedNH
+
z = 〈Noutz |dressed
[
NHz −
∑
k∈Horizon
(
Qke
2
4pi(z − zk) −
e2
4pi
∫
d2z′
j¯
(k)
v′ (z
′, z¯′)
z′ − zk
)]
.
(4.19)
Thanks to (4.13) conservation law (4.6) then becomes[(
Noutz +N
H
z −N inz
)
(4.20)
− e
2
4pi
∫
d2z′
∑
i∈out
j¯
(i)
v′ (z
′, z¯′)
z′ − zi +
∑
k∈Horizon
j¯
(k)
v′ (z
′, z¯′)
z′ − zk −
∑
j∈in
j¯
(j)
v′ (z
′, z¯′)
z′ − zj
 〈out|dressed S |in〉dressed = 0.
As was explained in [21], the integrand inside the z′-integral above should vanish3, and
therefore the conservation law reduces to(
Noutz +N
H
z −N inz
) 〈out|dressed S |in〉dressed = 0. (4.21)
It implies that the S-matrix element between dressed asymptotic states does not vanish
when the soft charge is conserved
〈out|dressed S |in〉dressed 6= 0 for Noutz +NHz = N inz . (4.22)
Notice that the LGT current j¯v do not affect the selection rule (4.22).
4.2 The action of the cloud operator
We now turn to a semi-classical analysis of matter fields. We start by looking at the
action of the cloud operator on an incoming massless scalar. The effect of the photon
cloud operator on matter fields is rather trivial, since it commutes with all of them up to a
phase proportional to the charge –see eq. (1.7). However, since the graviton cloud operator
contains the stress-energy tensor it acts in a non-trivial way on any field. The dressed
scalar field is given by
φˆin ≡ e−Rf (p)φineRf (p), (4.23)
where the graviton dressing operator Rf (p) is given by (3.42).
3The authors of [21] made a different choice of the transformation parameter (w, w¯).
– 18 –
Let us summarize our notations for the scalar field. First of all, it can be expanded
around null infinity as follows
Φ(r, v, z, z¯) =
1
r
φ(v, z, z¯) +O(r−2). (4.24)
Its Fourier decomposition is given by
Φ(~x) =
∫
d3p
(2pi)32ωp
[
d(p)eip·x + d†(p)e−ip·x
]
, (4.25)
with the Fourier components obeying the canonical commutation relations[
d(p), d†(p′)
]
= (2pi)32ωpδ
(3)(~p− ~p′). (4.26)
Using the asymptotic expansion for exp(±ip · x) (see for example appendix A of [21]) we
then have
φin(v, z, z¯) = −i
∫
dωp
8pi2
[
d(p)e−iωpv − d†(p)eiωpv
]
. (4.27)
The field therefore obeys the following commutation relation[
φin(v, z, z¯), ∂vφin(v
′, z′, z¯′)
]
=
i
4
γzz¯δ(v − v′)δ(2)(z − z′). (4.28)
The stress tensor is given by
Tvv = −1
2
(∂vφin)
2, (4.29)
thus we have[
φin(v, z, z¯), Tvv(v
′, z′, z¯′)
]
= − i
4
γzz¯∂vφin(v, z, z¯)δ(v − v′)δ(2)(z − z′). (4.30)
One can then compute
[φin(v, z, z¯), Rf (p)] = −γzz¯∂vφin(v, z, z¯)
∫
d2wγww¯G(z, w)D
2 · C−(±∞, z, z¯)
= −γzz¯∂vφin(v, z, z¯)
∫
d2w
[
s(z, w)C−w¯w¯(±∞, z, z¯) + s¯(z, w)C−ww(±∞, z, z¯)
]
,
(4.31)
where in the second line we used integration by parts. The boundary conditions further
implies that
C−zz(±∞, z, z¯) = −2D2zC−(z, z¯). (4.32)
Integrating by parts and using (3.34) we arrive at
[φin(v, z, z¯), Rf (p)] = −C−(z, z¯)∂vφin(v, z, z¯). (4.33)
Now we can expand the dressed asymptotic state using the Baker-Campbell-Hausdorff
formula as follows
φˆin(v, z, z¯) = e
−Rf (p)φin(v, z, z¯)eRf (p)
= φin(v, z, z¯) + [φin(v, z, z¯), Rf (p)] +
1
2!
[[φin(v, z, z¯), Rf (p)], Rf (p)] + . . .
(4.34)
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The n-th commutator of φin with Rf (p) is given by
[[[φin(v, z, z¯), Rf (p)] , Rf (p)] , . . . ]n = −C−(z, z¯)∂nv φin(v, z, z¯). (4.35)
We have therefore showed that
φˆin(v, z, z¯) ≡ e−Rf (p)φin(v, z, z¯)eRf (p)
=
∞∑
n=0
(−C−(z, z¯))n∂nv φin(v, z, z¯) = φin(v − C−(z, z¯), z, z¯).
(4.36)
We see that the dressing of the incoming scalar state is equivalent to a shift in the null
direction. This result was derived in [15] using different methods. Note that, in particular,
the supertranslation current T¯vv does not affect the dressed scalar state.
4.3 Particle creation in a black hole background
To adjust for the normalization most commonly used in the literature on Hawking radiation,
we rescale
d(ω) = i
8pi2√
2piω
a(ω). (4.37)
Then we have the following expansion of incoming and outgoing modes
φin(v, z, z¯) =
∫ ∞
0
dω√
2piω
(
aωe
−iωv + a†ωe
iωv
)
,
φout(u, z, z¯) =
∫ ∞
0
dω√
2piω
(
bωe
iωu + b†ωe
−iωu
)
.
(4.38)
Hawking [32, 33] found the relation between the incoming and outgoing modes
bω =
∫ ∞
0
dω′
(
αωω′aω′ + βωω′a
†
ω′
)
,
b†ω =
∫ ∞
0
dω′
(
α∗ωω′a
†
ω′ + β
∗
ωω′aω′
)
,
(4.39)
where the explicit form of the universal, late-time Bogolyubov coefficients is
αωω′ =
tω
2pi
ei(ω−ω
′)v0
√
ω′
ω
Γ(1− iκ−1ω)(−iω′)−1+iκ−1ω,
βωω′ = −iαω(−ω′).
(4.40)
We would like to consider now asymptotic states dressed with a graviton cloud (4.36)
φˆin(v, z, z¯) = φin(v − C−(z, z¯), z, z¯) =
∫ ∞
−∞
dω√
2piω
(
aˆωe
−iωv + aˆ†ωe
iωv
)
,
φˆout(u, z, z¯) = φout(u− C(z, z¯), z, z¯) =
∫ ∞
−∞
dω√
2piω
(
bˆωe
iωu + bˆ†ωe
−iωu
)
,
(4.41)
where
aˆω = aωe
+iωC−(z,z¯),
bˆω = bωe
−iωC(z,z¯).
(4.42)
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Note that the boundary conditions on the boundary graviton at i0 impose C(z, z¯) =
−C−(z, z¯), but we will keep them independent for now.
To compute the effect of soft hair on the process it suffices to recall that eq. (1.10) in
the Introduction implies that dressed variables evolve independently of soft variables. It is
straightforward to check that eq. (1.10) applies also to the Vaydia metric. In fact the fields
defined at I± are independent of all variables defined at the horizon by locality, so the
derivation given in the Introduction can be carried out word by word also in the present
case. Since dressed variables do not interact with soft variables, while their interactions
with radiative variables are proportional to G, they do interact only with the background
in the limit G → 0, RS = 2GM = constant. This means that the standard derivation of
Hawking follows through unmodified for the dressed variables; namely:
bˆω =
∫ ∞
0
dω′
(
αωω′ aˆω′ + βωω′ aˆ
†
ω′
)
,
bˆ†ω =
∫ ∞
0
dω′
(
α∗ωω′ aˆ
†
ω′ + β
∗
ωω′ aˆω′
)
.
(4.43)
The coefficients αωω′ and βωω′ are exactly those given in (4.40). This implies the following
relation for the undressed operators
bω =
∫ ∞
0
dω′
(
αˆωω′aω′ + βˆωω′a
†
ω′
)
,
b†ω =
∫ ∞
0
dω′
(
αˆ∗ωω′a
†
ω′ + βˆ
∗
ωω′aω′
)
,
(4.44)
where
αˆωω′ = αωω′e
i[ωC(z,z¯)+ω′C−(z,z¯)],
βˆωω′ = βωω′e
i[ωC(z,z¯)−ω′C−(z,z¯)].
(4.45)
The flux of outgoing particles is given by
〈n〉 = 〈b†ωbω〉. (4.46)
More generally, one could calculate the correlation function
〈b†ω1bω2〉 =
∫
dω′βˆ∗ω1ω′ βˆω2ω′
= e−i(ω1−ω2)C(z,z¯)
∫
dω′β∗ω1ω′βω2ω′ .
(4.47)
Following Hawking’s derivation [32, 33] the last integral can be evaluated to give
〈b†ω1bω2〉 = e−i(ω1−ω2)C(z,z¯)〈b†ω1bω2〉Hawking
= e−i(ω1−ω2)C(z,z¯)|tω|2(e2piωκ−1 − 1)−1δ(ω1 − ω2).
(4.48)
We see that the dressing operators introduce a phase factor e−i(ω1−ω2)C(z,z¯) in the result for
the flux of outgoing particles, compared to the original derivation of Hawking. However,
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this phase disaapears as a result of the delta function δ(ω1 − ω2). Higher point functions
will also contain a phase factors
〈nm〉 = e−im(ω1−ω2)C(z,z¯) 〈nm〉Hawking , (4.49)
that will vanish in a similar manner due to the delta function.
Let us have another look at the effect of the phase factor. Using the boundary condition
C(z, z¯) = −C−(z, z¯) we see that the dressed Bogolyubov coefficients are related to the
undressed ones by
αˆωω′ = [αωω′ ]v0→v0+C(z,z¯) ,
βˆωω′ = [βωω′ ]v0→v0+C(z,z¯) .
(4.50)
Namely, the effect of the dressing is to shift v0 by an amount C(z, z¯).
We end this section with a few remarks on the result (4.45). First, we would like to
emphasize that the effect of the dressing on the Bogolyubov coefficients (4.45) is indepen-
dent of the details of the gravitational collapse. Namely, corrections due the the details of
collapse will only affect the undressed Bogolyubov coefficients αωω′ , βωω′ , while the depen-
dence on the dressing in (4.45) will remain unchanged. We also note that the phase factor
does not appear in any observable. As we have seen, it vanishes in the correlator 〈b†ω1bω2〉
due to the delta function δ(ω1−ω2). Other correlation functions, like 〈bω1bω2〉 ∼ δ(ω1+ω2),
which could potentially depend on the dressing’s phase factor, vanish identically due the
delta function since both ω1, ω2 are positive. These results imply in particular that correla-
tion functions of the form 〈φout(u1, z1, z¯1)φout(u2, z2, z¯2)〉 will not depend on the dressing’s
phase factor. We therefore conclude that the dressing is not observable with local operators
defined on I+, for a gravitational collapse and particle creation near a black hole horizon
in the limit G→ 0, RS = constant.
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